Abstract. In general, a class-preserving automorphism of generalized free products of nilpotent groups, amalgamating a cyclic normal subgroup of order 8, need not be an inner automorphism. We prove that every classpreserving automorphism of generalized free products of finitely generated nilpotent groups, amalgamating a cyclic normal subgroup of order less than 8, is inner.
Introduction
An automorphism α of a group G is called a class-preserving (or conjugating) automorphism if, for each g ∈ G, α(g) and g are conjugate in G. Burnside [3] constructed a group of order 3 6 admitting class-preserving automorphisms which are not inner. Also Wall [11] constructed a group of order 32 having the same property. On the other hand, Grossman [6] defined that a group G has Property A if all class-preserving automorphisms of G are inner. She proved that free groups and fundamental groups of compact orientable surfaces have Property A. Segal [10] constructed a finitely generated torsion-free nilpotent group which does not have Property A. However, Endimioni [5] showed that free nilpotent groups have Property A.
In [1] , it was shown that generalized free products of two free groups, amalgamating a maximal cyclic subgroup, have Property A. Recently, this result was improved, in [13] , that tree products of finitely generated nilpotent or free groups, amalgamating infinite cyclic subgroups, have Property A. However, there exists a generalized free product of nilpotent groups, amalgamating a cyclic normal subgroup of order 8, which has not Property A (Example 5.4).
In this paper we show that generalized free products of finitely generated nilpotent groups, amalgamating a cyclic normal subgroup of order less than 8, have Property A.
Since Grossman [6] proved that outer automorphism groups of finitely generated conjugacy separable groups with Property A are residually finite, the groups mentioned above with Property A have residually finite outer automorphism groups.
Preliminaries
Throughout this paper we use standard notation and terminology. If A and B are groups, then A * H B denotes the generalized free product of A and B amalgamating H. x ∼ G y means that x and y are conjugate in G, otherwise x ̸ ∼ G y. Inn g denotes the inner automorphism of G induced by g ∈ G. Out(G) denotes the outer automorphism group, Aut(G)/Inn(G), of G. C G (g) denotes the centralizer of g in G and Z(G) denotes the center of G. Definition 2.1. By a class-preserving (or conjugating) automorphism of a group G we mean an automorphism α which is such that, for each g ∈ G, there exists
We give some known results which are of fundamental importance for our purpose. Amongst these the following theorem plays an important part in the study of conjugate class in generalized free products. (1) If ||x|| = 0, then ||y|| ≤ 1 and, if y ∈ A, then there is a sequence The next result was first proved in [12, Theorem 3.2] where the proof is quite long. Here we reproduce a slightly modified proof of [13] for the reader's convenience.
Theorem 2.5 ([12, 13]). Let
Proof. Let G = G/H = (A/H) * (B/H). Then G has Property A [2, 9] . Let α be a class-preserving automorphism of G. Since H = Z(G), clearly α(H) = H. Hence α(g) = α(g) is a class-preserving automorphism of G. Thus α = Inn w for some w ∈ G. Therefore, for each g ∈ G, we see that 
It is interesting to see that X i defined in the proof of Lemma 2.7 is an
Throughout this paper, X will be used in the meaning of Lemma 2.7.
The case that |A| ≥ 32 or |B| ≥ 32
We begin by studying a special kind of class-preserving automorphism α of G in ( * ) such that for each g ∈ G, α(g) = gc ip for some integer 0 ≤ i < p, which plays an important role in this paper. 
Lemma 3.1. Let G be as in ( * ). Let α be a class-preserving automorphism of
□ From now on, we focus on the case that |c| = 4. 
Since we want to prove that α is an inner automorphism, it suffices to prove that α 0 is an inner automorphism. So we can assume that for each g ∈ G, α(g) = g or gc 2 . Hence, by Lemma 3.1 and Lemma 3.2, we have α(c) = c and k x , k y ∈ ⟨c⟩ for all x ∈ A and y ∈ B. 
If c ∈ Z(A)∩Z(B), then G has Property
Then, by considering α(a 1 ) and α(a 3 ), we have a contradiction as before. Therefore, α(a i ) = a i for i = 1, 2, 3. Since a 1 ∈ A\⟨c⟩ is arbitrary, we have α(x) = x for all x ∈ A\⟨c⟩.
We shall show that α(c) = c. Let a 1 , a 2 ∈ A as above. Since α(c) = c or c Proof. Let α be a class-preserving automorphism of G. As in Theorem 3.4, we assume that α(g) = g or gc 2 for each g ∈ G. By Theorem 2.5 and Lemma 3.3, we consider the following two cases.
Case 1. c ̸ ∈ Z(A) and c ∈ Z(B).
As Proof. Let α be a class-preserving automorphism of G. As before, we assume that α(g) = g or gc 2 for each g ∈ G. By Theorem 2.5 and Lemma 3.3, we consider the following two cases.
As before, let A = ⟨a, C A (c)⟩ where a
Case 2. c ∈ Z(A) and c ̸ ∈ Z(B).
As in Case 1, let B = ⟨b, c⟩, where
The case that |A|, |B| < 32
In this section, we show that G = A * ⟨c⟩ B, where ⟨c⟩ ¡ A, B and |c| = 4, has property A, if |A|, |B| < 32. In fact, we prove this in several cases in a little bit generalized form. Clearly
Case 2. c ∈ Z(A) and c ̸ ∈ Z(B).
By Lemma 3.5, α(x) = x for all x ∈ A. As before, we have B = ⟨b, c⟩, where It is interesting to see that the result is not true even when the amalgamating normal subgroup is of order 8 by the following example [13] . The map ϕ : x → x, y → y, z → x 4 z defines a class-preserving automorphism of A which is not inner [7] . Similarly, the map ϕ 1 : x → x, y 1 → y 1 , z 1 → x 4 z 1 defines a class-preserving automorphism of B.
Let G = A * ⟨x⟩ B. Then the map φ : x → x, y → y, z → x 4 z, y 1 → y 1 , z 1 → x 4 z 1 defines an automorphism of G. It was proved in [13] that φ is a class-preserving automorphism of G which is not inner.
Using the above example, it is not difficult to construct generalized free products amalgamating a normal subgroup of order greater than 8 which have not Property A. where H = ⟨x⟩ × ⟨d⟩ and |d| = n. We note that if n is odd, then H is cyclic. Since ⟨x⟩ is normal in both A and B, H = ⟨x⟩ × ⟨d⟩ is normal in A × ⟨d⟩ and in B × ⟨d⟩. Then it is clear that G 1 = G × ⟨d⟩. Since G has not Property A, G 1 has not Property A.
